The polarization of spectral lines is generated by the scattering of angularly anisotropic incident radiation field on the atoms in the stellar atmosphere. This atomic scattering polarization is modified by frequency non-coherent scattering of line photons on free electrons. With modern spectropolarimeters of high sensitivity, it is possible to detect such changes in the spectral line polarization caused by scattering on electrons. We present new and efficient numerical techniques to solve the problem of line radiative transfer with atomic and electron scattering frequency redistribution in planar media. The evaluation and use of angle-dependent partial frequency redistribution functions (both atomic and electron scattering type) in the transfer equation require a lot of computing effort. In this paper, we apply a decomposition technique to handle this numerically difficult problem. This recently developed technique is applied for the first time to the electron scattering partial redistribution. This decomposition technique allows us to devise fast iterative methods of solving the polarized line transfer equation. An approximate lambda iteration (ALI) method and a method based on Neumann series expansion of the polarized source vector are proposed. We show that these numerical methods can be used to obtain a solution of the problem, when both atomic and electron scattering partial frequency redistribution are considered together. This is in contrast with the classical numerical methods which require a great amount of computing time. We show the importance of electron scattering redistribution in the far wing line polarization, which has practical implications in the analysis of polarized stellar or solar spectra, where non-coherent electron scattering controls the line wing transfer.
I N T RO D U C T I O N
The importance of electron scattering in stellar line formation problems has been recognized for a long time. Dirac (1925) derived the angle-dependent redistribution function for the scattering of lowenergy photons (hν < m e c 2 ) on thermal electrons. He arrived at the conclusion that the shift of the lines cannot be produced by such a scattering mechanism, but the broadening may be possible. In earlytype stars where electron density is high, the scattering of radiation by electrons plays an important role. Electron scattering effects on spectral lines were investigated by Münch (1948) for semi-infinite atmosphere in which an absorption line is formed, surrounded by a finite layer of electrons. Since in this case, the photons are scattered from the continuum into the line core, he obtained line profiles with shallower core and broader wings. Hummer & Mihalas (1967) emphasized the importance of treating electron scattering as a redistribution process and its effects on line formation in O and B stars. They show the dependence of the angle-averaged electron scattering E-mail: hdsupriya@iiap.res.in redistribution function on the frequency difference between outgoing and incoming photons, and that the effect of non-coherent electron scattering (NCES) is to smoothen out the frequency dependence of the radiation field at each depth. They show that near the boundary of the atmosphere, where the mean intensity in the continuum is lower than in the line, this mechanism will be effective in removing photons from the line, thereby leading to a wider and deeper line than would be obtained if the electrons were completely ignored. The broad emission-line wings observed in many Be stars were attributed to the electron scattering of line photons (Marlborough 1969) . It was concluded by Bernat & Lambert (1978) that the very broad Hα emission wings in P Cyg were caused by electron scattering. The λ3483 line of N IV in the WN 6 star HD 192163 was observed to have P Cygni type of profile with large emission wings which was accounted for as the non-coherent scattering on free electrons by Castor, Smith & Van Blerkom (1970) . Auer & Van Blerkom (1972) studied the influence of electron scattering in an expanding medium and they obtained asymmetric line profiles extending preferentially in the red wing. The influence of electron scattering on emission line profiles arising from stellar winds in early-type stars was studied in detail by Hillier (1991) . He noticed that the use of electron scattering redistribution will noticeably affect the strength of line wings. Chugai (2001) shows that large line widths of broad narrow-topped emission line by early-time spectra of SN 1998S originate as a result of multiple scattering of the photons of the narrow line by the thermal electrons of the opaque circumstellar shell gas. Reference to earlier work in this field can also be found in Rangarajan, Mohan Rao & Peraiah (1991) .
Studies on the combined effect of angle-averaged partial frequency redistribution (PRD) and NCES on the polarized resonance line transfer were done by Nagendra, Rangarajan & Mohan Rao (1993) . The effects of including angle-dependent PRD functions for the scattering by atoms and electrons were studied by Rangarajan (1999) . In the above two references, a discrete ordinate method was used to solve the radiative transfer equation in the Stokes vector basis. In this paper, the polarized radiative transfer equation including angle-dependent PRD and NCES is discussed. In resonance scattering in lines, there exist correlations between the directions and the frequencies of the incident and scattered photons, which is referred to as PRD. The line polarization is very sensitive to the nature of the frequency redistribution mechanism. The scattering of line photons by electrons can also make significant contribution in the far line wings.
The problem of angle-dependent PRD is characterized by the coupling between the angle and frequency variables. This makes the evaluation of scattering integrals and the solution of polarized transfer equation a challenging problem. A decomposition technique to reduce the non-axisymmetric Stokes vector transfer equation to cylindrically symmetric one was developed by Frisch (2007) . This technique was extended by Frisch (2009) to handle angle-dependent PRD in the presence of a magnetic field. In the absence of magnetic fields, the angle-dependent PRD problem simplifies as shown by Frisch (2010, hereafter HF10) . In this case, the polarized radiation field represented by the Stokes vector (I, Q) can be decomposed into four irreducible components. In this paper, we use a similar decomposition technique to handle angle-dependent NCES. Sampoorna, Nagendra & Frisch (2011) have presented three iterative techniques to solve the polarized line transfer equation in the irreducible basis. These techniques were developed for the purpose of solving the angle-dependent atomic redistribution problem. Here we extend these techniques to study the combined effects of PRD by atoms and non-coherent scattering by electrons, on polarized line formation. We present two numerical methods to solve these problems. The first one is the approximate lambda iteration (ALI) type method and the other is based on Neumann series expansion of the polarized source vector component. In recent decades, the ALI methods introduced for scalar radiative transfer problems have been generalized to solve Rayleigh scattering and the weak-field Hanle effect transfer problem (see the reviews by Nagendra 2003; Trujillo Bueno 2003; ). These methods have the advantage of being much faster while remaining as accurate as the traditional exact or perturbative methods (see Nagendra et al. 1999) .
The outline of this paper is as follows. In Section 2, we present the relevant transfer equations. Here we extend the Fourier decomposition used for atomic line scattering to treat the process of frequency redistribution by electrons. In Section 3 we present two different numerical methods, namely a polarized ALI method and the 'scattering expansion method' (SEM) based on Neumann series expansion. In Section 4, we present a detailed study of the angledependent electron scattering redistribution function and the corresponding azimuth-averaged redistribution function. Results are presented in Section 5, where we discuss in detail the angle-dependent PRD and electron scattering effects on the Stokes I and Q/I profiles. Concluding remarks are presented in Section 6.
G OV E R N I N G E Q UAT I O N S

The transfer equation in the Stokes vector basis
We consider a one-dimensional isothermal planar atmosphere. The slab is assumed to be self-emitting or irradiated on the lower boundary by an axisymmetric-radiation field. Magnetic fields, when present, are assumed to be microturbulent. Under these assumptions, the radiation field is axisymmetric and can be described by two Stokes parameters I and Q. The reference direction for negative Q is defined by an electric vector parallel to the surface of the atmosphere. For a concise presentation, we denote I by I 0 and Q by I 1 in all the equations appearing in this paper. However, in the figures we use the standard notation of (I, Q) to mean the Stokes parameters.
The polarized transfer equation for the Stokes parameters I and Q can be written in component form as
where μ = cos θ, with θ being the co-latitude with respect to the atmospheric normal, τ the line optical depth defined by dτ = −k l dz, with k l the frequency-integrated line absorption coefficient and ϕ(x) the normalized Voigt function. The frequency x is measured in the units of Doppler width. The ratio of continuum to line absorption coefficient is denoted by β c and the ratio of electron scattering coefficient to line absorption coefficient is denoted by β e . The total source vector is given by
where S c,i are the components of the unpolarized continuum source vector. We assume that S c,0 = B, where B is the Planck function at the line centre and S c,l = 0. The line source vector can be written as
where d = sin θ dθ dχ . The outgoing and incoming ray directions and are defined, respectively, by their polar angles (θ, χ ) and (θ , χ ). For simplicity, we assume that the primary source is unpolarized, namely that G 0 (τ ) = B, where is the standard twolevel atom thermalization parameter. The term R ij ,a (x, , x , ) denotes the elements of the redistribution matrix for Rayleigh scattering on atomic bound states (Domke & Hubeny 1988; Bommier 1997a) . A two-level atom model with unpolarized lower level is assumed. The electron scattering source vector can be written as
where R ij ,e (x, , x , ) denotes the elements of the electron scattering redistribution matrix. The angle-dependent electron redistribution matrix is written as
where P R ( , ) is the angular phase matrix for the Rayleigh (resonance) scattering of line photons on free electrons -which scatter according to the dipole scattering law. The angle-dependent electron scattering redistribution function is given by r e (x, μ, x , μ 
where cos = cos θ cos θ + sin θ sin θ cos , with = χ − χ . The quantity w denotes the ratio of electron to atomic Doppler widths.
Further details and behaviour of r e (x, μ, x , μ , ) are discussed in Section 4. In this paper, we also present the results for the angle-averaged electron redistribution problem. The relevant redistribution matrix is written as
where a factorization of the polarized phase matrix and the redistribution function is assumed (hybrid approximation). The expression for the angle-averaged electron redistribution function is given in equations (19)- (21) of Nagendra et al. (1993) (see also Auer & Mihalas 1968; Rangarajan et al. 1991 ).
The transfer equation in the irreducible spherical tensor basis
According to the decomposition technique described in HF10, we can write S l,i and
where i = 0, 1. The irreducible tensorsT K Q (i, μ) are defined in HF10. They are related to the spherical tensors for polarimetry introduced by Landi Degl'Innocenti (1984 , see also Landi Degl'Innocenti & Landolfi 2004 . We have four terms in the summation over K and Q corresponding to K = Q = 0, K = 2 with Q = 0, 1, 2. We remark that the index Q should not be confused with the Stokes Q parameter. The irreducible line source vector components S K Q,l (τ, x, μ) may be written as
wherẽ
The coefficients˜ 
where Q = 0, 1, 2 and W 2 (J l , J u ) is the atomic polarizability factor depending on the angular momentum of the lower and upper levels of the transition. The coefficients α and β (K) (Bommier 1997b ) are the branching ratios:
and
where R is the radiative rate, I and E are the inelastic and elastic collisional rates, respectively, and D (K) is the collisional depolarization rate such that D (0) = 0. The coefficient μ 2 takes into account the effects of a microturbulent magnetic field. It depends on the magnetic field probability density function (see e.g. Landi Degl'Innocenti & Landolfi 2004, p. 215) and is unity in the absence of magnetic fields. Ther (Q) X (with X = II or III) are the Qth-order azimuthal Fourier coefficients of the PRD functions r II and r III of Hummer (1962) . They are defined bỹ
A decomposition technique similar to that of line source vector can be applied also to the electron scattering source vector. It can be written as
with i = 0, 1. The irreducible components of the electron scattering source vector are given by
In the case of electron scattering the profile function is unity, and there is no thermal emission unlike the scattering on atoms. The azimuthal Fourier coefficients have the same form as equation (16), but with X replaced by e. For computational purposes, we define a new quantity S K Q,L which is a weighted sum of atomic and electron scattering irreducible source vectors. It is written as
Substituting equations (10) and (18) in the above equation, we can write
Now the total source vector in the irreducible basis is given by (1). We introduce the four-component
Then we can rewrite equation (20) in vector form as
The primary source vector G(τ ) = {G 0 (τ ), 0, 0, 0} T , where G 0 (τ ) = B with = I /( I + R ). The 4 × 4 matrixR is diagonal, namelỹ
The 4 × 4 matrix is a full matrix with elements˜ KK QQ . Owing to its symmetry, it has only 10 independent elements (see equation 11 and also HF10). WhenR is independent of μ and μ (complete frequency redistribution or angle-averaged PRD), only the two components of the source vector corresponding to the index Q = 0 are non-zero.
N U M E R I C A L M E T H O D S O F S O L U T I O N
We present two iterative methods to solve the problem of angledependent PRD and angle-dependent NCES. The first one is an ALItype method and the second one is the SEM. These methods for the particular case of scattering on atoms are presented in Sampoorna et al. (2011) . Here we generalize these methods to include NCES.
The polarized approximate lambda iteration approach
The formal solution of the transfer equation for the four-component irreducible vector I can be written as
The explicit dependence of I and S on τ is neglected and their dependence on x and μ appears as subscripts. T xμ is the directly transmitted part of the intensity vector and xμ is the frequencyand angle-dependent 4 × 4 integral operator. The operator xμ can be written as
where * xμ is the diagonal approximate operator (see Olson, Auer & Buchler 1986 ). We can set up an iterative scheme by writing
where n is the iteration index. Combining equations (26) and (27) with equation (23), we derive an equation for the total line source vector corrections
where
, which is the residual vector. The mean intensity is given by
To compute the source vector corrections, we use a frequencyangle by frequency-angle (FABFA) method discussed in Sampoorna et al. (2011) . It is extended in this paper by including the angledependent electron scattering redistribution function along with angle-dependent PRD functions. Equation (28) can be written formally as
At each depth point, r n and δS n L are vectors of length 4N x 2N μ , where N x is the number of frequency points in the range [0, x max ] and N μ is the number of angle points in the range [0 < μ ≤ 1]. The matrix A thus has dimensions 4N x 2N μ × 4N x 2N μ . For given x, x , μ and μ , the matrix A can be decomposed into N x 2N μ × N x 2N μ of 4 × 4 blocks. In each block, denoted by A, the elements may be written as
, and E is the identity operator. The coefficients w β denote the μ integration weights and g mα,nβ are defined by
wherew n are the frequency integration weights. This method requires computation of the matrix A −1 before the iteration cycle.
Scattering expansion method
This method is based on Neumann series expansion of the components of the source vector contributing to the polarization. This series amounts to an expansion in the mean number of scattering events (see Frisch et al. 2009 ). Its first term yields the so-called single scattering solution. Here, following Frisch et al. (2009) , we include higher order terms. The computation using the SEM involves the following steps.
(i) Neglecting polarization, first calculate Stokes I which is given by the component I 0 0 . This is the solution of the non-local thermodynamic equilibrium unpolarized radiative transfer equation, which is calculated using the scalar version of the ALI method described in Section 3. 
The superscript 1 stands for single scattering.
(iii) The radiation field Ĩ 2
is calculated by calling a formal solver.
(1) serves as a starting point for calculating the higher order terms. For order (n),
The iteration is continued until a convergence criterion is satisfied. The component I 0 0 is calculated only once in step (i). 
with n the iteration index, τ d a depth-grid point and
where P = Q/I is the degree of linear polarization at the surface. The convergence behaviour of the polarized ALI method and SEM is not much affected by the electron scattering redistribution. It remains somewhat similar to the corresponding pure atomic redistribution.
E L E C T RO N S C AT T E R I N G R E D I S T R I B U T I O N
Electron scattering is known to affect the shapes of the intensity profiles formed in early-type stars. The inclusion of the electron scattering as a redistribution mechanism would be necessary particularly when the polarization of lines is considered. In this section, we discuss the nature of the electron scattering redistribution and its rapid numerical evaluation. Dirac (1925) derived the angle-dependent redistribution function for the scattering of low-energy photons (hν < m e c 2 ) on electrons. Chandrasekar (1960) drew attention to the possibility of line broadening by electron scattering and he assumed the anisotropy of the scattered radiation according to Rayleigh's phase function and arrived at the following expression (see Chandrasekar 1960, p. 336) for angle-dependent electron scattering redistribution function:
Angle-dependent electron scattering redistribution function
where ν and ν are the frequencies of incident and scattered radiation, respectively, is the scattering angle, k is the Boltzmann constant, c is the velocity of light, and m e and T are the electron mass and temperature, respectively. We provide below the laboratoryframe expression for the angle-dependent electron redistribution function in atomic Doppler width units. Substituting the electron Doppler width W = (ν 0 /c) √ 2kT /m e , and ν = ν − ν , with ν = ν 0 (Chandrasekar 1960) , in equation (37), we obtain
A is the atomic Doppler width in the standard notation. The electron redistribution function in these units can now be written as
2 r e (ν, ν , )
where w is the ratio of electron to atomic Doppler widths and is given by w 43 √ A, with A being the atomic weight of the atom under consideration. For a helium atom, w is nearly equal to 80. The redistribution function obtained in equation (39) should be normalized to profile function, which in the case of electron scattering is unity. Thus, the normalized angle-dependent redistribution function for electron scattering is simply the expression given in equation (6). In Fig. 2 , we show surface plots of r e (x, x , ) as a function of the scattered frequency x and the scattering angle for the incoming frequencies x = 0, 100 and 500. The surface plots show double peak (forward and backward scattering) type of behaviour for all chosen x values. We see a sharp peak at x = x and = 0. From Figure 2 . Surface plots of angle-dependent electron scattering redistribution functions for different incoming frequencies x . The X-axis represents the outgoing frequency x and the Y-axis represents the scattering angle . Note that the X-range in panels (a), (b) and (c) are different. These panels correspond, respectively, to incoming frequencies x = 0, 100 and 500.
equation (39), it can be seen that r e (x, x , ) becomes a delta function for this choice of parameters. The forward-scattering peak has a value larger than the backward-scattering peak. The reason for this is that when = π, the function takes finite values, unlike the forward-scattering case. For other than 0, the function r e (x, x , ) behaves like a Gaussian function centred at x = x , with a full width at half-maximum of 4w sin( /2) √ ln 2.
The Fourier azimuthal averages and coefficients of electron redistribution functions
The numerical methods described in Section 3 involve the azimuthal Fourier coefficientsr
for Q = 0, 1, 2. The moments of order Q = 0 are normalized to unity when integrated over all the incoming frequencies and angles, while the moments of orders Q = 1 and 2 are normalized to zero. In order to ensure an accurate normalization ofr (Q) e functions, we subdivide each frequency interval of a typical line radiative transfer frequency grid into a fine mesh of Simpson quadrature points. A seven-point Gaussian quadrature formula is used for the angular grid. In order to handle the peaks that occur in the forward-scattering situations (see Figs 3 and 4) , we proceed in the following way. We consider a cut-off scattering angle cut-off = 10 −6 rad and assume that the NCES redistribution function keeps a constant value, given by its value at the cut-off, when < cut-off . We have verified that using a solid angle of 10 −6 rad (or even 10
rad) the cut-off domain very insignificantly affects the normalization properties. The same property holds also for the emergent Stokes parameters. Therefore, the choice of this cut-off angle is not critical to the correctness of the results presented in this paper. The tests performed with the cut-off angle show that 10 −6 rad is a reasonable choice.
In Fig. 3 , we show the surface plot ofr
as a function of the outgoing frequency x and the outgoing direction μ for the incoming frequencies x = 0, 100 and 500, when the incoming direction μ = 0.3. The functionsr (Q = 1, 2) also exhibit a similar behaviour, except that they can take negative values. Fig. 4 showsr (Q) e for all the three values Q = 0, 1, 2 as a function of the outgoing frequency x for different choices of (μ, μ ) and for different incoming frequencies x . The frequencies x = 0 and 355 are representative of the line centre and wing behaviours, respectively. Fig. 4 clearly shows the sharp peaks that appear in Fig. 3 for all values of Q.
From Figs 4(a) and (b), we observe that the coefficientsr (Q) e decrease in magnitude with increasing Q. However, for the special case of backward scattering (Fig. 4c) , the Fourier coefficients for Q = 1 and 2 can become larger than the corresponding Q = 0 coefficient.
R E S U LT S A N D D I S C U S S I O N
In this section, we present the results of computation using parametrized models. We consider isothermal self-emitting constant property planar slabs characterized by (T, a, , β c , β e , E / R ) in the standard notation. T and a are the optical thickness and damping parameter, respectively. Each subsection pertains to the effect of an important parameter on the line formation. We illustrate our results through emergent intensity and polarization profiles. Also we relate them to important macroscopic quantities that are representative of a given model, namely the optical depth dependence of the intensity source function S I and the polarized source function S Q . The ratio S Q /S I is a measure of the local anisotropy prevailing at different optical depths within the atmosphere.
For the thick-slab case by employing the Eddington-Barbier relation (see Faurobert 1988; Nagendra et al. 1993) , the emergent Stokes parameters can be obtained as
where S I and S Q are the Stokes source components S 0 and S 1 which are defined in equation (2). The percentage of polarization is given (approximately) by
Since (42) is always positive, the sign of polarization depends on the sign of S Q (τ = μ/ϕ(x), x, μ) only. Thus, the limb-darkened radiation field gives negative polarization and the limb-brightened radiation field gives positive polarization.
On the other hand, in the thin-slab case when the monochromatic optical depth of the medium is very small (T ϕ(x)/μ 1), the main contribution to the intensity and polarization at the surface comes from the centre of the slab (Faurobert 1987) . In other words,
for those frequencies that satisfy T ϕ(x)/μ 1. The percentage of polarization is given (approximately) by
The parameter affects the line formation physically through inelastic collisional de-excitation of atoms. On the other hand, β c affects spectral lines through absorption and emission of line radiation in overlapping continuum. Addition of β e (electron scattering) introduces redistribution of line photons and hence quantitative difference in the wing polarization.
Stokes profiles computed with angle-averaged and angle-dependent PRD and NCES
In Fig. 5 , we compare the emergent I and Q/I profiles at μ = 0.11 for angle-dependent and angle-averaged atomic PRD and NCES functions. Both the solutions are calculated using the SEM discussed in Section 3.2. The PRD used is a mixture of atomic r II and r III with E / R = 0.05. The depolarizing elastic collision rate D (2) = 0.5 × E . Figs 5(a) and (b) clearly show that the angle-averaged and angle-dependent solutions differ considerably, and in a potentially measurable way. Further the angle-averaged emergent polarization is smaller or larger than the corresponding angle-dependent cases, depending on the value of the optical thickness T of the slab. This difference is seen in the pure atomic case also, and the reasons for the differences are discussed in Sampoorna et al. (2011) . As in the pure atomic case, the angle-averaged and angle-dependent solutions differ only in the thin-slab case. For thick slabs, the differences are small (see Fig. 5c ). Hence, in practical applications one can work with angle-averaged functions.
The differences between the results for angle-averaged and angledependent NCES were pointed out by Rangarajan (1999) . Our computations confirm his conclusions. However, we consider the effects of collisions in atomic redistribution through a combination of r II and r III using an exact treatment of collisional frequency redistribution (according to the formulation of Domke & Hubeny 1988; Bommier 1997a ). Further we consider large frequency bandwidths (x max 1500 atomic Doppler widths), so that the far wing behaviour of NCES is clearly seen. The inner parts of the line (x < 10) seem to be controlled by atomic redistribution, whereas the wings of the (I, Q/I) profiles (x > 10) are controlled by NCES. The I profiles have a characteristic behaviour of double slopes -in the wingsone due to atomic and the other due to electron scattering. The appearance of the line centre peak and the near wing PRD peak in Q/I depends on the optical thickness of the medium.
In our computations with angle-averaged and angle-dependent NCES, we have obtained a secondary maximum with higher polarization, occurring in the very far wings (x 100). The amplitude and the width of these peaks in Q/I depend sensitively on β e and T. Such peaks are noticeable in the pure line case without a background continuum, and no radiation incident on the boundaries. Incidentally, such peaks were not noticed in the very far wings in the earlier works by Nagendra et al. (1993) and Rangarajan (1999) on NCES, possibly because of short frequency bandwidths, small β e and imposition of unpolarized radiation as the boundary condition, which they used in their calculations. In order to understand quantitatively the appearance of these peaks in Q/I, we have made plots of S I and the anisotropy factor S Q /S I in Fig. 6 . A comparison of angle-averaged and angle-dependent results is shown for the line centre frequency and also for the frequency at which the secondary maximum of polarization occurs due to NCES. Angle-dependent S Q /S I shows a slight asymmetry about the slab centre at the frequency positions of far wing peaks. It is unlike the pure atomic redistribution where S Q /S I remains symmetric in a self-emitting constant property medium. The symmetry is also maintained in the angle-averaged case, with and without NCES. From Fig. 6 we can see that the value of Q/I at secondary maxima satisfies the relation given in equation (45), to a good approximation, whenever the condition T ϕ(x)/μ 1 holds good. Fig. 7 shows the effect of including NCES and its influence on atomic line polarization for slabs of different thicknesses. From Fig. 7(a) , we see that electron scattering has similar effects as that of r III function (i.e. collisional redistribution) in the near wing region, x ∼ 5−6. Electron scattering behaves like a depolarizing mechanism, as in the case of r III function. However, r III does not produce a far wing peak, electron scattering produces a peak in the frequency range 190 < x < 320. In the thick-slab case, the appearance of the secondary peak is related to the electron scattering optical depth (T e = β e T ) satisfying the condition 0.1 T e 1. However, the appearance of secondary peaks in thin-slab cases need not satisfy this condition (see e.g. Figs 5a and b) . From  Fig. 7(b) , we can see that the shape of the Q/I profiles is completely controlled by the electron scattering for all frequencies x 8. The solid and dot-dashed curves in Fig. 7 show that in the pure atomic case r III controls the shapes of (I, Q/I) wing profiles in a collision-dominated plasma. On the other hand, the electron scattering, when it becomes significant, completely controls the shapes of the (I, Q/I) wing profiles, irrespective of the atomic redistribution mechanism, or the presence of collisions (see the dashed and thick solid curves in Fig. 7 ). In the very far wings, the electron optical depth dominates over the monochromatic line optical depth resulting in the complete dominance of NCES in the line formation process, producing characteristic changes in the (I, Q/I) profiles as described above. The frequency coherence of PRD localizes photons in these far wing frequencies, which are in turn scattered by free electrons. The electron scattering process Doppler-redistributes these line photons during successive scattering events. Each electron scattering imparts a large frequency shift to the scattered photon and helps a line core photon to escape through a wing frequency.
Effect of NCES
In Fig. 8 , we show the intensity and polarization profiles for angle-averaged atomic PRD(r II ) and NCES when the parameter β e is varied. It clearly shows the effects of NCES in the wing region. The panel (a) is for optical thickness T = 10 4 and the panel (b) is for T = 10 8 . As β e is increased, i.e. when the electron scattering is made more dominant, with respect to atomic scattering we see a gradual decrease in the polarization of the near wing PRD peak, and a shift of the peak towards the line centre. In Fig. 8(a) , we see the secondary peak in the range 190 < x < 320 when the condition 0.1 T e 1 is satisfied. An analogous behaviour is observed, when β e is kept fixed and T is varied. In Fig. 8(b) , for the semi-infinite case, we see a prominent and nearly constant value of polarization of around ∼2 per cent in the far wing region (x > 300) when β e = 10 −8 namely for which β e T ∼ 1. Also for this case, the background continuum opacity β c is the same as that of β e . Hence instead of a peak structure, we see a constant value of polarization in the far wings. However, in both cases (see Figs 8a and b) as β e is increased from 10 −8 to 10 −3 , the intensity profiles become more deeper. When electron scattering is a dominant scattering mechanism (as for example in the atmospheres of early-type stars or supernova ejecta), β e can take values like 10 −3 . In such cases electron scattering affects not only the wings, but also the entire line profile (see e.g. the thick solid curve in Fig. 8) .
The secondary peak arising due to NCES is seen for all optical thickness satisfying the condition 0.1 T e 1. Our numerical experiments with a range of values of β e and T, which satisfy the above said condition, show that the amplitude of the secondary peak in the Q/I profile decreases with an increase in optical thickness. However, the width of the peak increases as we go to higher optical thicknesses. In order to explore the presence of a strong secondary Q/I peak in the very far wings, we show in Fig. 9 the convergence history of the ratio Q/I obtained using the SEM. It also illustrates the convergence properties of the SEM. The single scattered solution is close to the converged solution except for very large frequencies and few iterations are needed to reach the converged solution. The amplitude of the secondary peak that arises due to NCES is fairly weak in the single scattered solution (dotted line in Fig. 9 ). Thus, the secondary peak is mainly due to transfer effect (multiple scattering).
Effect of elastic collision E
As the value of E is changed, the relative contributions of r II and r III also change. Nagendra (1994) and Nagendra, Frisch & Faurobert (2002) have shown that the wings of intensity I and the linear polarization profiles are quite sensitive to the depolarizing collisions. Fig. 10 shows the Stokes parameter I and the ratio Q/I calculated with the SEM using the angle-averaged redistribution functions and NCES. The factor E / R is varied from 0.05 to 10. For D (2) we assume the relation D (2) = 0.5 × E . The polarization amplitude at the line centre and the PRD peak in the near wing region decreases with increase in E / R which is also seen in the pure atomic case (Nagendra et al. 2002) . However, the polarization of the secondary peak arising due to NCES also shows a similar behaviour. Further we see a shift in the position of the secondary Q/I peak towards lower frequencies as the ratio E / R increases. The intensity profiles are sensitive to the collisions only in the far wing frequency regions near and beyond the secondary peak position in Q/I. This is in contrast to the pure atomic case, where the effects of E / R are felt right from the near wing frequencies onwards (see fig. 7 of Nagendra et al. 2002) . 
C O N C L U S I O N
The effects of electron scattering on atomic line polarization are studied. The decomposition technique developed by HF10 has been extended to the case of electron scattering. Two numerical methods, namely an ALI-type method and the other one based on Neumann series expansion, have been developed to solve the transfer equation including electron scattering. The SEM is of great use particularly in the problems of large dimensionality (very large number of frequency, angle and depth-grid points). The NCES problem is one such example, which requires a large number of frequency and angle points. The problem becomes particularly difficult when angle-dependent PRD and electron scattering are considered. The SEM takes less computing time and memory as compared to the conventional ALI-type methods. Both these new methods are far superior (in terms of memory and computing time) to the traditional solution methods used so far for solving the same problem. A systematic study of the polarized line formation in a standard twolevel picture, but including an exact treatment of electron scattering mechanism, is undertaken. When electron scattering becomes important, it drastically affects the line profile, in particular the line wings. An interesting feature of electron scattering is the generation of a strong secondary maximum in the Q/I profile (several hundred Doppler widths away), which can be interpreted in terms of radiative transfer effects. For T 1, this peak appears when the electron optical depth lies between 0.1 and 1. Our study clearly shows that a correct treatment of electron scattering redistribution becomes necessary (either through the use of angle-averaged or angle-dependent functions), when modelling stellar spectral line polarization, where electron scattering forms an important source of opacity.
